This paper investigates single particle properties in a Fermi gas with interaction at the absolute zero of temperature. In such a system a single particle energy has ordy a meaning for particles of momentum [k I close to the Fermi momentum kF. These single particle states are metastable with a life-time approaching infinity in the limit Jk I --~ kF. The limiting value of the energy is called the Fermi energy EF. As a special ease of a more general theorem, it is shown that for a system with zero pressure (i.e. a Fermi liquid at absolute zero) the Fermi energy Ey is equal to the average energyper particle Eo/N of the system. This result should apply both to liquid Hes and to nuclear matter.
1. Introduction. In Brueckner's theory 1) on the structure of nuclear matter the interior of a nucleus is considered as a gas of strongly interacting Fermi particles. To each particle a separate energy Ez is assigned, which depends on the momentum l of the particle. This energy is written as the sum of the kinetic energy 12/2M and a potential energy Vz. The computation of Vt from a set of implicit equations is the main problem in this theory. Once Vz is known, the energy of the whole system in its ground state is given by the simple formula
E0 = ~]lZt<k~ (12/2M + ½Vt). (1)
The summation is extended over all occupied states, i.e. over all momenta smaller than the Fermi momentum kv *).
One might ask the question, what is the physical meaning of this single particle energy Et or the "potential energy" Vz in a system of strongly interacting particles. To answer this question we consider the theory of Brueckner as a special approximation of a general time-independent 2. The single particle energy. The considerations of this and the following sections are mainly based on I and III. We consider a system of a large number N of Fermi particles enclosed in a box of volume ~2. For simplicity we assume the particles to have no spin or charge. We are interested in particular in the case that both N and ~2 are very large with a finite density p = N/~2. The hamiltonian H of the complete system is written as a sum of the kinetic energy H0 and the interaction V, which in the occupation number representation for plane wave states have the form
Ho = f~ (lll2/2M) ~l*~z,
For the notation we refer to III. ~z and ~z* are annihilation and creation operators for a particle with momentum l, obeying the anticommutation relations (~, ~*) --~9(2~)-~ ~z.
In the limit ~2 -+ oo the right-hand side goes over into the Dirac 5-function ~(k --l).
The ground state 190) of the unperturbed system is the state where all states of the Fermi sea, i.e. all one particle states with momenta less tha~ the Fermi momentum kF, are occupied. The Fermi momentum kF is related to the particle density by p = kFa/6~ 2. *) As Dr. B r u e c k n e r kindly pointed out [o us, the numbers quoted here are not quite correc' and must be replaced by --14.6 MeV and --27.5 MeV. The discrepancy is therefore 13 MeV. (Not, added in prool).
All other stationary states of the unperturbed system are characterized by the momenta kl, k2, .... of the additional particles present and the momenta ml, m2 ..... of the holes present (holes are unoccupied states of the Fermi sea). We respectively use the letters k and m to indicate momenta larger and smaller than the Fermi momentum kF. Because the annihilation of a particle in the Fermi sea is equivalent to the creation of a hole, it is useful to reinterpret ~m and ~m* for Im] -<< kF as creation and annihilation operators for holes.
We have thus obtained a hamiltonian which exhibits a close formal resemblance to a field theory with pair creation. There is, however, an important difference, which will be considered in this section. Whereas in field, theory, for not too strong coupling, to each unperturbed state corresponds at least one stationary state of the complete system; this is not the case in our system, which is essentially dissipative. In I and II a simple criterion was given for the existence of a perturbed stationary state corresponding to a state ]~> of the unperturbed system. It amounts to the existence of a pole for the expectation value of the resolvent R(z) = (H-z)-I for the state l~>. As shown in III the expectation value Do(z) of R(z) for Jg0> has always a pole. Consequently there exists a stationary state l~o0>, the ground state of the system of interacting particles, which corresponds to the unperturbed ground state 190>. The energy of IV)0> we call E0. The explicit expression of I~v0> and E0 was determined in III.
Next we consider an unperturbed state with one additional particle with momentum k (Ikl> kF); it will be denoted by Ik;>. According to I we must study the function Dk(z) = Dk(z) -~ Do(z) *) of the complex variable z. D~(z) is the expectation value of the resolvent R(z) for Ik;> except for a factor Dk(z) . The product ~ is the convolution product defined and extensively used in III. Dk(z) was defined in III (section 10) by a series in increasing powers of the interaction V, all terms of which can be represented by means of connected diagrams with one external particle line at both ends (the diagrams used are defined in III, section 3; particle lines have arrows pointing to the left, lines corresponding to holes the opposite direction). The decisive point is now whether or not D~(z) has a pole. A pole would mean that the complete system has a stationary state corresponding to the unperturbed state Ik ;>. The absence of a pole would reveal the dissipative nature of the unperturbed state Ik ;>. As shown previously (see a fourth paper 4) to be quoted as IV)/gk(z) has no pole and consequently Dk(~) can have none, so that the state Ik ;> is a dissipative one t)-The only singularity of/)lc(z) is a cut in the complex plane along the real axis, running from some point EF, independent of k, up to +oo. Whereas the *) To avoid the unnecessary appearance of the term eo in our formulae the function D~:(eo + 2) defined in III is denoted here simply as Dr: (2) . ~f) For a further discussion of dissipative states see 5).
real part of Dg(z) varies continuously if we cross this cut, the imaginary part changes its sign. If we now consider the discontinuity of the imaginary part of/~(z) for all points of the cut, we find, in the case that Ik[ is very close to the Fermi-momentum kl~, a high narrow peak for some point Ek *). This situation is to be compared with the 0-singularity, which one would find if E~ was a pole of Dk(z). In the limit [k[ -> kF the point E~ approaches the branching point EF, the difference E~-EF being proportional to Ik[ --kv. The width Fk of the peak decreases as (Ee --EF) z, so that for Ik]-kF small enough, the width of the peak is small compared to its distance from EF. Such a situation was analysed in III (section 14). In the case that F~ <~ gk --EF a state vector [~o~> can be constructed, which corresponds to a metastable state with an approximate energy E~ + E0 and a life-time equal to Fk -1. The metastable character of [~ok> is exhibited by the equation
which holds for values of t of the order of F~-i t). The energy E~ can then be interpreted as the energy of a metastable particle with momentum Ikl> kF, moving in the Fermi gas with slow dissipation of its momentum and energy into collective types of motion of the gas. The success of the optical model for the scattering of nucleons on heavy nuclei is experimental evidence for the existence of such metastable states in nuclear matter. Conversely we can say that our theory of the Fermi gas with interaction accounts for the low energy behaviour of the optical potential.
In the limit of Ikl --> kF the single particle energy E~ tends to EF. We call this limit the Fermi energy. The life-time Fk -1 tends then to infinity, and it can even be shown that EF is the pole (in the somewhat broadened sense defined in III section 9) of the function/)k~(z). Hence a state with one additional particle at the surface of the Fermi sea is exactly stationary, with an energy E0 + Ep.
Instead of states with an additional particle one can also consider states with a hole of momentum tm[ < kF. This case is very much analogous to the former one. The function Din(z), which is defined in terms of connected diagrams with one external hole line at both ends, has for Iml close to kF a similar behaviour as/gk(z) for Ikl close to kF. This implies for the case that Iml is close to kF the existence of a metastable state of a hole, with *) In IV this quantity was denoted by/~, whereas the notation E~ was there used for E0 + Ee. The notation used here agrees with the usual one in the Brueckner theory. t) In III, eq. (14.8) and the subsequent equaRion as well as.their derivation are incorrect. The definition of the two states I~pc¢):t: as given by eq. 114.2) of III, however, is correct. In the case that 1~) = [k;) these two states are identical and are denoted by I~v~).
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367 an approximate energy E0 --Era. Here --Era is,the point on the real axis where Din(z) is strongly peaked *). It can be interpreted as the energy of a hole of momentum --m near the surface of the Fermi sea, and Em therefore can be regarded as the energy of a particle of momentum m in the Fermi sea. In the limit Ira] = kF, Din(z) does have a pole which, as was surmised in IV and will be confirmed in the next section, is equal to --EF, where EF is the Fermi energy as defined above.
We should like to stress here that all our considerations are based on the assumption of convergence of all series involved. It may very well be that in addition to the ground state and metastable excited states here considered for the Fermi gas with interaction there exist another "abnormal" stationary state and metastable excitations of it, depending in a singular way on the two-body interaction and therefore not directly accessible to our methods. The possibility of such abnormal states for a Fermi gas with attractive forces has been established by Bardeen, Cooper and Schrieffer 6) in their theory of superconductivity. How the abnormal states can be obtained in the perturbation formalism based on diagrams has been shown by B o g o 1 u b o v 7). The possible existence and observability of such abnormal states for nuclear matter and liquid helium 3 are questions of great importance which we shall not discuss here.
Theorem on the Fermi energy EF.
We start this section with the derivation of a formula for/~(z), which brings to light a close similarity between this function and the ground state expectation value <90 IR(z) l 9o> = Do(z). We shall make an extensive use of the methods presented in III. Before doing so we want, however, to stress the following point. As is well known, the general perturbation method as developed in I, II and III is only exact if the particle number N and the volume 12 of the system are so large that terms proportional to 12-1 or N -1 Call be neglected. Nevertheless several definitions and results of III are also exactly valid for systems with arbitrary finite N and 12. This is the case in particular with the definitions and calculation rules of diagrams, diagonal diagrams, connectedness and also with the theorem on the convolution of the contributions of two diagrams (section 7, eq. 4). We use this important fact in the following derivation.
We take a finite cubic box with volume 12, and impose, as usual, periodic boundary conditions. Let the state vector 19>, which is normalized to one, describe a state of the unperturbed system where N particles occupy N given single particle plane-wave states. This set of N single-particle" states we shall call the "sea". The state ]~0> may be different from the unperturbed ground state ]90). All other states of the unperturbed system can be obtained from 19> by the application of suitable operators ~* or ~m, thereby creating *) Era in this paper corresponds to the quantity --/~ra in IV. The single particle energy for particles in the Fermi sea is now Era. additional particles or holes. Clearly the momenta k of the additional particles must be outside the sea, whereas the momenta m of the holes must belong to it.
In calculating the diagonal matrix element (9 IR(z)lg) we make use of diagrams. If, just as in In, lines running from right to left (from left to right) represent particles (holes), we obtain diagrams identical with those which were used in nI for calculating Do(z) --(9o IR(z)l 9o). Their contributions are, however, different, because the momenta k and m of the virtual particles and holes have now to be summed over different, discrete sets of values. The diagrams contributing to (9 [R(z) [ 9) are either connected or consist of two or more connected parts. If we denote the total contribution to (9[R(z+t) 19 ) of all connected diagrams by B(z), with t the energy of [9) , the total contribution to (9 ] R(z + e) [9> of all diagrams consisting of two connected parts is equal to
½ B(z) * B(z).
Here we used the convolution in the complex plane introduced in III (section 7). The factor ½ accounts for the fact that this convolution gives each term twice. Proceeding in the same way with diagrams consisting of three and more components, one finds easily 
where Bo(z) is defined as the sum of the contributions of connected ground state diagrams; to is the energy of the unperturbed ground state ]90).
We now also apply (2) for another choice of 19). We take for [9) the unperturbed state 19e), where in addition to the N particles in the 
where we used the relation between Kronecker symbol and t-function for finite 52 (see III, section 2)"
We see that (9~ IR(z)l~k) --De(z).
As we know Dk(z) can be expressed very simply in terms of .D~(z), which is defined by means of connected one particle diagrams, and Do(z) by the formula (see III (10.1))
Dk(eo + z) = De(z) -~ Do(eo + z).
Comparing (4) and (6) we get
Dk(k2/2M + z) : -z -1 + B~(z) + ½Bk(z) ~ B~(z) +
+ {B/e(z) */~(z) 9e/~/e(z) + .....
This equation, which is formally quite similar to equation (3) for D0(z), is strictly va.lid for a finite system. We are, however, specially interested in the case that both f2 and N are infinite. We therefore study the function Bk(z) in this limit. As follows from its definition the function Bk(z) can be obtained from Bo(z), if in the latter each summation fk, corresponding to a particle line is replaced by (fk, --(2~) 3 ~Q-1 X term with ks ----k) and each summation fins for a hole line is replaced by (f, nj + (2z~) s52-1 × term with mj = k). Keeping in mind that Bo(z), which was defined in terms of connected ground state diagrams, is proportional to 52 in the limit of £2 -+ oo, we see that Be(z)= Be(z) --Bo(z) contains a main term independent of 52, and other terms which vanish if 52 tends to infinity. The function/~e(z) is therefore well defined also for an infinitely large system. Replacing summations by integrations and keeping only those terms which are independent of the volume £2,/~k(z) is calculated in the following way. It is a sum of terms, 370 N.M. HUGENHOLTZ AND L. VAN HOVE each of which is obtained from the function (2~)3 9-1 Bo(z) by putting the momentum of one of the lines equal to k 3nd performing the integration over all other momenta. If the momentum which is put equal to k belongs to a particle line, the corresponding term gets a minus sign. Both sides of equation (7) have well defined finite limits for f2 -~ c~. We can now return to this limiting case.
Although equation (7) for general k is interesting in itself, giving an alternative way of calculating Dk(z), we are here particularly interested in the limit of Ikl tending to kF. In this limit the relation between Bk(z) and
Bo(z) has the following very simple form = 2kF-.
I
To prove equation (8) we notice that Bo(z)/~ depends on ky only through the limits of integration of the integrals over particle and hole momenta.
Differentiation of Bo(z)/~ with respect to kF gives a sum of terms, in each of which the momentum of one line is put equal to kF. There is in addition a common factor 40zk• 2 resulting from integration over the surface of the Fermi sphere. Also here one gets a minus sign if the fixed momentum belongs to a particle because then k~ appears in the lower integration limit. The 
We now make essential use of the great formal similarity of equations (3) and ( 
( OEo ~ , E v = \-ff-ff T / Q
where the derivative is taken at constant ~2, shows that the Fermi energy E~, as defined in the previous section in terms of one-particle diagrams, is equal to the change in ground state energy of the system produced by addition or removal of one particle at constant volume.
For the function /)re(z) ([m[ < kv), which is the counterpart of Dk(z) for holes, one can proceed in exactly the same way. Instead of (7) In the case that the system is in equilibrium, i.e., at a density such that the pressure vanishes, we obtain the equation
This equality of the Fermi energy and the average energy, which we have proved generally, was derived recently by W eis s k o p f 9) on the basis of the independent particle model. Bethe lO) considered it to be only a rough approximation.
Test on the accuracy o/the theory o/Brueckner.
In this last section the theorem (13) derived in section 3 will be used as a test on the validity of the B r u e c k ner theory. Recently very accurate calculations on the basis of this theory have been made by Brueckner and Gammel 2). The following discussion will be based mainly on the results of their work. Our considerations will be of special interest because the calculations of Brueckner and Gammel show that their results vary strongly with slight changes in the forces between the particles *). Good agreement with the experiments does therefore not guarantee the accuracy of the theory. The test to be discussed here, on the contrary, is independent of the choice of the forces, for equation (13) Let us consider equation (3) and equation (7) where /3k(z) is obtained The function/~k(z) in the approximation now considered is equal to the sum of the contributions of all single particle diagrams, obtained from the ground state diagrams of fig. l a by replacing any internal line by two external particle lines. This leads to two types of diagrams. The first type, where one of the hole lines is replaced by two external particle lines, is shown in fig. 1 b. The other type, shown in fig. 2a, is obtained from fig. 1 a by replacing one of the many internal particle lines by two external particle a b Fig. 2 . This figure shows some single particle energy diagrams neglected in the theory of Brueckner; the diagrams a and b correspond to particles outside and inside the Fermi sea respectively.
lines. It is seen from (7) that in the present approximation Dk(z) is a sum of the contributions of these diagrams and of the more complicated ones constructed by linking together two or more of such diagrams. All these single particle diagrams, with the exception of the one in fig. l b, are neglected in the theory of Brueckner. They containthree and more particle clusters. From the numerical discrepancy between Eo/N and E~ found, as mentioned above, by Brueckner and Gammel, we must conclude that for I k] = kF the total contribution of the diagrams neglected in the B r u e c k n e r theory is considerable. It must account for a difference of about 20 MeV. It seems reasonable to suppose that among the neglected terms the most important ones are those represented by diagrams of the type of fig. 2a and the corresponding diagrams for holes in fig. 2b . This is also suggested by the following consideration. The theory of Brueekner can be considered as the first term in the socalled cluster expansion 11). Using the K-matrix .instead of the interaction V all quantities are expressed by means of a very much smaller number of diagrams, namely those diagrams, where no two successive vertices are connected by two particle lines (Goldstone 11) called them irreducible; we have'used this term in HI already with another meaning ). The diagrams corresponding to the first three terms of the cluster expansion for Eo are shown inJig. 3. To each dot there corresponds a K-matrix. The first term in the figure gives the B r u e c k n e r approximatiol~; it corresponds to diagram a of fig. 1 . The cluster expansion cain' be considered as a power series in the K-matrix. The B r u e ck n e r approximation is based on the assumption that this series converges rapidly. The second term in fig. 3 was calculated by Bethe lO) for the case of Yukawa forces. It was found to be less than 1 MeV, which is indeed very small compared to the main term. We notice from fig. 3 that the cluster expansion for E0 contains no term with two K-matrices. This has the consequence that even for a comparatively slow convergence the first term can be a reasonably accurate approximation.
The first two diagrams of the cluster expansion for the single particle energy E~, are given in fig. 4a for ]l I > kF, in fig. 4b for Ill < kF. Also here the first diagrams of a and b give the Brueckner approximation and correspond to diagrams b and c of fig. 1 . Comparing the first diagrams in fig. 3 and fig. 4b we find the well-known relation, characteristic of the Brueckner theory, between the energy shift ~lEo of the ground state and the shift Vz = E~ --12/2M of the single particle energy:
/lEo = ½~2(2~)-af0 k~ d3mVm, which is another form of (1). In the case of particles with spin and isobaric spin ½ a factor 4 must be added at the right-hand side. One sees again that (1) is not an exact equation *).
The cluster expansion for El involves a term with two K-matrices which might be quite appreciable in case of a slow convergence of the series. This term corresponds exactly to the type of diagrams shown in fig. 2 , so that we must expect the neglection of the diagrams in fig. 2 to be largely responsible for the discrepancy between Eo/N and Ev in the theory of Brueckner.
We have made a rough estimate of this term, for spin and charge independent Yukawa forces. Making the same approximation as B e t h e did in his calculation of the three-particle cluster term in E0, we find approximately 12 MeV for the second term in fig. 4a or b, for a momentum Ill = kF. This shows that even for these unrealistic forces the main single-particle energy term left out by Bru eckner is quite large. A calculation of this term and other cluster terms neglected in the Brueckner theory, on the basis of more realistic forces with a repulsive core, would be very interesting. We may conclude already, however, that in the theory of Brueckner the single-particle energy is treated very inaccurately. The influence of this inaccuracy on the calculation of the ground state energy, which manifests itself only through the energy denominators, is probably not very large in the nuclear case. For the calculation of the optical potential the situation is completely different and one clearly must take into account the terms which we discussed in the present section. Quite recently,, one of the present authors having brought the large internal inconsistency revealed in Brueckner's theory by the theorem here discussed to his attention, B r u e c k n e r reconsidered the problem in the framework of his theory and suggested to use the theorem itself for obtaining *) Differentiation of (1) with respect to the density p would lead to (1 I), provided V~ would not depend on p. We know, however, that such is not the case.
